REGULARIZATION OF 2d SUPERSYMMETRIC YANG-MILLS 
THEORY VIA NON COMMUTATIVE GEOMETRY. 



K. VALAVANE*. 

Abstract. The non commutative geometry is a possible framework to reg- 
ularize Quantum Field Theory in a nonperturbative way. This idea is an 
extension of the lattice approximation by non commutativity that allows to 
preserve symmetries. The supersymmetric version is also studied and more 
precisely in the case of the Schwinger model on supersphere [14]. This paper 
is a generalization of this latter work to more general gauge groups. 



1. Introduction 

Formally the quantization (in Feynman's point of view) of a field is represented 
by a path integral , but this integral is not well defined [1]. The lattice approxima- 
tion was first proposed as a way to regularize this integral but it does not preserve 
the Lorentz invariance. Snyder has introduced non commutativity of the coordi- 
nates to conserve Lorentz symmetry [23]. In this approach the space time is not a 
manifold but is decomposed in cells of certain size (multiple of Planck constant). 
This approach introduces a natural (UV) cut-off and it can be non perturbative. 
At least in compact cases, this cut-off allows us to remove divergences. This fuzzy 
approach [19, 20, 7, 15, 4, 14] of the regularization is exposed in the case of sphere 
using Berezin quantization [2], the result is so-called fuzzy sphere. In this frame- 
work, there are lot of works [12, 7, 21, 16, 4] which are trying to include all the 
fields. But in the noncompact cases the (UV) divergences can persist [5]. 

The fuzzy sphere is introduced by quantization of the symplectic structure on the 
usual sphere. It replaces the commutative structure by non commutative one and 
the quantum version of the symplectic reduction introduces naturally the fmiteness. 
The first step is the regularization of a scalar field on the sphere [19, 10, 3]. The 
scalar field on fuzzy sphere is just a matrix and the action (always invariant by 
SO (3)) is defined using the trace on finite matrices. 

Other field theories (spinors fields, gauge fields and topologically nontrivial field 
configurations) are also defined on the fuzzy sphere [10, 7, 13, 4, 8, 14] and their 
regularization proved, thanks again to the fmiteness of the matrices. These con- 
structions needed the non commutative generalization of spinors, of the differential 
complex and of the topologically nontrivial configurations. To know more about 
noncommutative geometry and its applications, see [6]. In [11, 12], the definition 
of the spinors (element of a bimodule) on fuzzy sphere, which allows to construct 
Dirac operator and chiral operator. But the latter two didn't anticommute, thus 
the previous assumption did not preserve the perfect analogy between fuzzy sphere 
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and the ordinary sphere. Another approach consists in using supersymmetry [7]. 
The supersymmetric version of the fuzziness is very similar to the ordinary case : 
fuzzy superspheres are finite supermatrices, the scalars fields are just the even parts 
of the supermatrices (bosonic submanifold) and spinors are the odd ones. In fact 
the scalar fields and spinors are both contained in superscalars fields in a canonical 
way. One can also construct gauge fields using a differential complex based on this 
concept [15]. 

If we want to consider supersymmetric gauge theories, all these constructions are 
constraint to be gauge invariant and supersymmetric invariant. Using this idea, C. 
Klimcik constructs the supersymmetric Schwinger model (analogue of the euclidean 
Maxwell field in two dimension) on the ordinary sphere and on the fuzzy sphere [14]. 
He constructed an suitable invariant supersymmetric differential complex based on 
the super Lie algebra sl(2, 1) and its sub super Lie algebra osp(2, 1). He worked out 
in detail the abelian case and we aim to study the non abelian case in this paper. 

For this prurpose, we conserve the general form of the action defining the electro- 
dynamic on the fuzzy supersphere but we need to modify the differential complex to 
incorporate the non abelian case. At the commutative limit, a long calculation al- 
lows us to describe (also in an original way) the supersymmetric Yang-Mills theory 
on the ordinary sphere. This paper is organized as follows : 

In the section 2, we recall some preliminary notions that underlie our framework 
: supersphere, symplectic reduction, quantization of the supersphere, super Lie 
algebras sl(2, 1) and osp(2, 1) and integration over the fermionic variables. 

In the section 3, we construct the analogue of the supersymmetric differential 
complex presented [14] in the bosonic case and we modify it to include the non 
abelian case. Then we apply this construction of the modified complex to the 
supersphere and fuzzy supersphere. 

At the commutative limit, we obtain respectively the Schwinger model [14] and 
the ordinary Yang-Mills theory on the supersphere. 

Last section is devoted to conclusions. 



2.1. Supersphere. To perform easily the quantization of the sphere as a phase 
space, we use the well known symplectic reduction of the complex plane C 2 by the 
group U(l). We consider the complex plane C 2 generated by x Q , a = 1, 2, with the 
following Poisson structure : 



We call u>, the 2-form underlying this symplectic structure. We consider a moment 
map J = xi + x\ — 1 then we can associate U(l) vector field X to J by 



In the submanifold J _1 (0), the form w is degenerated. We obtain the standard 
2-sphere S 2 with its symplectic structure by considering the quotient on this sub- 
manifold J _1 (0) by null-space of the 2-form u>. In other words, the algebra of 
functions on the sphere consists of functions on C 2 with the property 



2. Preliminaries 



(2.1) 



dJ = w (A, .) . 



(2.2) 



{/,xi + x2-i} = o. 
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Moreover such two functions are equivalent if their difference is a function of the 
following form h (%i + X2 ~ l) • This procedure is called the symplectic reduction 
with a moment map x? + X2 — 1 • 

In analogy with the algebra of functions on the sphere defined by symplectic 
reduction with respect to a moment map Xi + X2 — 1 m the complex plan C 2 , 
the algebra of functions Aoo on the supersphere is defined by (super) symplectic 
reduction with respect to a moment map Xi + xi + aa — 1 m tne complex superplane 
C 2,1 , with additional fermionic or grassmanian variables a, a [1]. The Poisson 
structure on C 2 ' 1 is the following 

(2.3) {f,g} = d^f^g - d^fd^g - (-1) / [d a fckg + dafd a g] 
applied to coordinates, seen as functions, it gives 

(2.4) {\ a ,X } = S a0 , {a,a} = l, <*,/?= 1,2. 
The following parametrization simplifies our work 

_x]_ -_X^ h -— h- — 
X 2 X X X 

The Berezin integral on this algebra is written as, e is the unit of Aoo 

^ ^ = h I /[e] ^ L 

2tt« J 1 + zz + bb 
This algebra is equipped with graded involution 

(2.6) (X Q )*=X Q , (T)*=X a , a* = a, a* = -a. 

Like si (2) on the sphere, the Lie superalgebra sl(2, 1) is naturally represented on 
Aoq. First of all, we recall that si (2, 1) is generated by R±, R3, T, V±, D± with the 
following super Lie algebra structure. We note [., .] + the anti-commutator. 

[R 3 ,R±] = ±R±, [R+,R-] = 2R S , [Ri,T} = 0, i = +,-,3. 

[d±,v ± ] = 0, [D ± ,v T ]+ = ±±r, [d±,d±] + = t\r±, 

[D±,D T ] + = l -R a , [V ± ,V ± ] + = ± l -R ± , [V±,V T ] + = -±R 3 , 

[Rs,V ± ] = ±lv±, [R±,V ± ]=0, [R±,D T ]=D ± , 
[T,V±] = D±, [T,D±]=V±. 
The representation of sl(2, 1) on Aoo is defined in the following way 

(2.7) V ± f = {v±,f}, r/ = { 7 ,/}, feA x 
D±f = {d±,f}, R 3 f = {nJ}, 

R+f = {r+,/}> #-/ = {r_,/}. 
with respect to the following charges 

(2.8) r+ = xV, r_=x 2 x\ ^3 = ^ (xV - X 2 X 2 ) , 7 = aa + 1 



2 

L 

2d+ = ax 2 +X 1 a, 2cL = -x 2 a - ax 1 . 



2v+ = x lfl + a X 2 , = x 2 a- ax 1 , 
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This representation is called Hamiltonian because it can be denned by the super- 
Poisson structure (2.1). The derivatives V±, D±, F, R±, R3 can be also expressed in 
terms of the standard supersymmetric derivatives D, D, Q, Q in two dimensions 

d = d b + bd z , D = d b - + b& z -, 

Q = d b - bd z , Q = <% - bch. 
We write the generators of sl(2, 1) using these four derivatives : 

D+ = ±(D-zD), D- = -~(E + zD), 
V+ = \{Q + zQ) 1 V-= l -(Q-zQ), 



T = bd%- bd b , R 3 = zdz- zd z + -&<% - -bdb, 



2 b 2 

R + = —d z — zdz — zbd^, R- — + z 2 d z — zbd b . 

In the supersymmetric framework the Taylor expansion of the functions is finite 
(because the nilpotency of the fcrmionic variables) . An even element writes 

(2.9) / (z, z,b, b) — u(z, z) + bip(z, z) + btp(z : z) + bbv(J, z) 

with u and v belong to the even part of P, P a graded commutative algebra. And 
ip and 4> in the odd one. Thus it is globally even. It is same to the odd element. 
We recall the integration on the fermionic variables 



(2.10) J db = 0, / db = 0, j dbb = 0, 

J dbb = 0, J dbdbf(z,z,b,b) = J &(ip-bu) = -v. 

2.2. Quantization of the supersphere. In the previous part, we introduced 
the symplectic reduction because its simplifies the quantization of the supersphere. 
Indeed, first we quantize the superplane and we perform the quantum symplectic 
reduction [15]^. As in quantum mechanics, we transform the generators of the 
algebra in creation and annihilation operators with the standard replacement 

(2.11) {., .} — > — [., .] with h is real parameter. 

h 

Thus the generators x", x", a, a become operators verifying 

\X a ,X ]=h6 a p, {a,a]+ = h, a,/? =1,2 
and acting on a Hilbert space which is constructed as follows 

X a |0 > is an vector 

a|0 > is an another vector 

x Q |o> = 

a|0> = 

It means, one considers a vector (vacuum vector and the standard notation is 
|0 > ) and one constructs an irreducible representation of this algebra. The space 
generated by this denumerable family of vectors is a Hilbert space, called Fock space. 



1 There is an another way to quantize it, which is equivalent to the previous one, using the 
representation theory of si (2,1) [7]. 
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The analogue of symplectic reduction with moment map is just the restriction of 
the Hilbert space only to the vectors tp satisfying the constraint 

(X1X1 + X2X2 + aa - 1) V = 
as in the previous section we define the quantized version of Aoo by the operators 
/ which verify 

[f,xi + xl + aa] = 0. 

Let us determine the dimension of the kernel of the operator xl + x\ + Q- a ~ 1 • Let 
be tp an element of the Fock space, it is easy to show that 

V> = (X1)" 1 fe)" 2 |0 > or $ = (X1)" 1 (X 2 )" 2 a\0 > with n u n 2 G N 
which implies that 

(2.12) (X1X1 + X2X2 + aa-l)i, = Nh-l with /V G N. 

Thus the condition to fulfil (2.12) is that h — and in this case, the dimension of 
the kernel of \\ + x\ + « a is just the number of possibilities to have N = m + n 2 
or m + n,2 + 1, it is exactly 2iV + 1. The each admissible value of the parameter h 
gives us a (27V + l)-dimensional subspace Hm of the Fock space and the deformed 
version of ^loo is then An = A^2W+i(C). When TV — > 00 we have the constant h 
approaching and the algebra An tends to the classical limit Aoo [8]. The Hilbert 
space H N is graded H N = H eN © H oN where H eN generated by bosonic creation 
operators 

(Xi)" 1 (X2)" 2 |0 > , n 1+ n 2 = N 
and H n both bosonic and fcrmionic creation operators 

(Xir(x 2 ) n2 «|0>, n 1+ n 2 + l = N. 
The involution in An is defined exactly as in (2.6), An is also graded as follows [7] 

/ 4> R G M n+1 (C) ipft G M n+1 ,„ (C) \ 

Mn,n+1 (C) L G M„ (C) J ^ ^ 

where even part is composed by diagonal blocks and odd by the off-diagonal blocks. 
The integration over An is given by 

/[$] = STr[$], $e^4 w . 
= Trace (</> R - <p L ) . 

The relations of the super Lie bracket with the super-Poisson structure for N — > 00 
is given by 

(2.13) {X,Y} = N[X,Y}, X,YeA N - 

The graduation of the commutator depends on the graduation of the elements : 
if X and Y are both odd, it is in fact the anti-commutator. The representation 
defined by (2.7) on Aoo is preserved by quantization and becomes a representation 
on An in which we replace the Poisson bracket by the graded commutator. In the 
"quantum" case, the action is defined by 

(2-14) Vjf = [v±,f], r/=[ 7 ,/], 

D±f = [d±,f], R 3 f=[r 3 ,f}, 

R+f = [r+,f], R-f=[r.,f}. 
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The explicit form of the supermatrices rj, 7, v a ,d/3 are given in [14]. The represen- 
tations of sl(2, 1) on An and Aoo are completely reducible, their decompositions 
into irreducible ones are the following 

N oo 

where j means the sZ(2, 1) superspin of the representation, for more details see [7, 
14]. We recall that the quantization performed using the representation theory of 
sl(2, 1) is just the approximation at level N of A^ = ©°1 J by An = @f =0 j 
endowed with a new multiplication rule. It is clear that at the limit An becomes 
Aoo, for more details see [7]. 

In [14] C. Klimcik constructed an action of the supersymmetric gauge theory for 
the finite N, at the limit it becomes the standard free supersymmetric clectrody- 
namic in the ordinary sphere. In the following section we construct the modified 
differential complex that allows us to include the non abelian case. 

3. Description of the modified differential complex 

3.1. Bosonic case. Firstly, we construct a differential complex on the ordinary 
sphere in an invariant way and then we extend it to the supersphere [14]. The 
invariant complex on the ordinary sphere is obtained by an another way in [16]. 
The differential complex constructed in [14] can be seen as a supersymmetric gen- 
eralization of the following one. 

Definition 1. A Poisson algebra A is an unital C-algebra with a Poisson structure 
compatible with the product m : A ® A — ► A. 

{X,YZ} = {X 1 Y}Z + Y{X 1 Z} 1 X,Y,ZeA 

A is equipped with a linear trace 

Trace : A — > C 
Trace(e) = 1 where e is the unit of A, 
Trace({X,Y}) = 0, X,Y e A. 

Definition 2. We say that (A, Q) is a double over a Poisson C-algebra A if Q is a 
Lie subalgebra of A and a bilinear form Traceom restricted to Q is non- degenerated. 
In this case the bilinear form Trace o m determines an element C g € Q ®Q called 
a quadratic Casimir element of the double (A,Q). 

These two definitions allow us to construct a invariant differential complex on A 
by the following way : The complex ft (A, Q) over the double (A, Q) is defined as 
follows 

3 

(3.1) n(A,g) = ($n l (A,g) 

i=0 

where 



(3.2) ft (A,G) = n 3 (A,g) = (A) = e®A 

Qi (a, g) = n 2 (A,g) = g ®a 
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We note m the left regular action and ad the adjoint action of A on itself. Wc 
explicit their actions 

ad(X)Y = {X,Y} 
m{X)Y = XY 

Using Sweedler notation, we note formally C Q as Cf <S>Cf <E Q®Q. Let us introduce 
now the coboundary operator 

(3.3) 6 s :Qi(A,g) ^n i+1 (A,g) 

which acts explicitly 

S G (e ® X) = m (Cf ) e®ad (Cf ) X, e®Ie!lo {A, Q) 

5 g (g®X) = (ad (Cf ) ® ad (Cf ) + ((|«I), j®l£ fii (.A, Q) 

5 G {k®Y) = e®ad{k)Y, k®Y efl 2 (A,G) 
5 g (e®W) = 0, e®W £Cl 3 (A,G). 
with dg the Dynkin index for the trace, which can be defined by 

Trace(XY) = -^-Trace(ad (X) ad{Y)) 

dg 

We define also the associative graded product on this differential algebra which is 
compatible with 5 g 

(3.4) * g : n t (A, g) ® fij (A, g) — > (a, g) 

The multiplication is given by the following table 



*g e®X' g'®X' k'®Z' e®W 

e®X m®m m®m m®m m®m 

g ® X m®m ad ® m {Trace ® Id) (m ® m) 

fc ® Z m ® m (Trace ® Id) (g) (m ® m) 

\ e®IU m®m / 

Finally we define a map, called Hodge triangle, which is the analogue of the Hodge 
star. It is just the identification between 2-forms and 1-forms, between 0-forms 
and 3-forms and we denote it <]. This presentation is just the application of the 
one constructed in the supersymmetric case in [14] to the bosonic case. In [16] 
C. Klimcik showed that this complex applied to A = C°°(S 2 ) and g = su(2) is 
isomorphic to another one constructed with the de Rham complex of the 2-sphere 
[16]. Now we recall it : 

3 

(3.5) uj = © LUi 

»=o 

with 

(3.6) loq = ft ©{0}, u 1 =Q. 1 ®£l 2 

uj 2 = o 2 eOi, w 3 = {o}©o . 

We note fij, the space of i-forms in the usual dc Rham complex, d the de Rham 
differential operator and * the usual Hodge operator. The coboundary operator on 
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lu is defined as follows 

(3.7) S = dQ)*d* onwo,^,^ 

S(V®v) = (dV + v)®*d*v, y ffi !) e fii ® n 2 

We recall the definition of the Hodge triangle for this complex [16] 

(3.8) <<f> = <j>, 4>eoj 

(3.9) <(V®v) = v®V, Venewi 
<{v®V) = V®v, v®Velu 2 

(3.10) <i$ = $, $ e w 3 . 

We define the integral of a 3-form by 

(3.11) Int{$) = I *$ 

where $ is seen as a 0-form of the de Rham complex. Now we can write an action 

(3.12) S(A) = Int(SA. < 5 A) + Int(A.6A) 

where A — V ®v £ u>\ and = A. This action is gauge invariant under the gauge 
transformation 

(3.13) A — >A + 5(t), 4>£lj - 
Explicitly this action is written 

(3.14) S(V,v)= [ dVA*dV+ [ d * v A *d * v 

Js 2 Js 2 

and the gauge transformation is written as follows 

V — > V + d(f>, v — >v. 

The second term of the action (3.12) does not violate the gauge invariance and it 
is useful to separate the fields V and v in the action. The first term is the pure 
electrodynamic plus free massless scalar on S 2 . Its interaction with a scalar matter 
field $ e u>Q is described by [16] 

(3.15) S m (A, $) = Int (((5$ - iA$) . < {S® - iA<f>)^ 

the bare means ordinary complex conjugation. In terms of fields V, v, the matter 
action becomes 



(3.16) S m (<f>, V,v)= J (d$ - iV<P) A - iV$) + J (v A *v) 

This action is the standard interaction of the complex scalar matter with U(l) 
gauge field but the second term is a new one. With the convenient constraint which 
respects the gauge invariance, we can suppress v. Thus we are able to construct 
the non commutative version without extra propagating fields. 

This complex can be also viewed as a subcomplex of the de Rham complex 
on SU{2). Forms in this subcomplex are characterized by their invariance with 
respect to U(l) subgroup of SU(2). So they can be interpreted as objects living 
on S 2 (= SU(2)/U(1)) [16]. The SU(2) covariant formalism for the complex lu is 
exactly our complex O (A, Q) in case of A — C°°(S 2 ) and Q = su(2). 
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We note Ri, with i = +, — ,3, the generators of the Lie algebra su(2) with the 
following relations 

(3.17) [R+,R-] = 2i? 3 , [Ra, R±] = ±R± 
It is easy to show that in this case 

(3.18) C G = R+®R-+R-®R+ + ^R 3 ®R 3 

d g = -2 
fl (A, G) = fl 3 (A, Q) = e <8> A = fl 

fii {A, g) = n 2 {A,g) = g ® a =n © ^ © 

with n the following charges corresponding to vector field Ri 
(3.19) 

\ 2 Z 2 1 ^ / 1 1 2 2\ ^ 1 

i*+ X. X ~. '. _ ? ^— XX ~. '. _ : ^3 IX X XX) o ~i I ~ 

1 + zz 1 + zz 7 2 1 + z; 

We recall that C°°(5 2 ) is the 0-forms in the de Rham complex. Let us to note 

(3.20) ip = e®p> e n Q ^ C°°(S 2 ), 

= ifc®^ €Sli(A,g) ^C 00 (5 2 )©C 00 (5 2 )©C 00 (5 2 ), 
a* = i? 4 ®a J er!3(Aa) = C 0O (5 2 )©C oc (5 2 )©C oo (5 2 ), 
$ = e©$ e n . = C°°(S* 2 ) 

So the multiplication becomes explicitly 

(3.21) m <E> m (e ® (p) (Ri <E> A { ) = R t © ^ = pA { , 
in this way we obtain the complete table 

p>*gip — <pi>, <P *Q Ai = ipAi, <p, ip e O , A e fii 

tp*gbt = p>b t , ip *g $ = (^eilo,foe^2 

A*g B = (A 3 B + -A+B 3 ,A 3 B_-A_B 3 ,2(A + B_-A_B+)), A.Befii 
4*go = ^4+a+ + A_a_ + A 3 a 3 , AgOi,aSf22- 
Now I explicit the coboundary operator 

<5 e (e <g> = , (£, i?+</?, i? 3 ^) 

^(r,©^) = (-i?_A 3 -i? 3 A + -A + , 
i?+A 3 + i? 3 A_ - A-, 
2R-A- - 2R+A+ - A 3 ,) 

5 e (ri®ai) = R+A+ + R-A- + R 3 A 3 

The identification between the two descriptions in the case of the 1-forms is 

(3.22) A+ = -iV-iz 2 V + — Z —*v 

1 + zz 

A_ = iV + iz 2 V-\ Z -^*v 

1 + zz 
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where Vdz + Vdz and v are de Rham 1-form and 2-form respectively with V, V 
functions on S 2 verify 

/ dzdzVV < oo. 
Js 2 

The first integral of the matter action (3.16) is the standard interaction of the 
complex scalar matter with U(l) gauge field. We impose certain constraint to 
eliminate the second term [16], using the isomorphism (3.22) the constraint is 

(3.23) r+A- + r_ A+ + r 3 A 3 = 0. 

Using (3.19) and (3.22) it is easy to show that this constraint eliminate v. In the 
invariant description this constraint is written 

(3.24) C g * g <lA = 0, AeSli{A,G) 

It is important to note that constraint (3.24) is gauge and su(2) invariant. In this 
constraint C G is viewed as a 2-form. All these constructions are extensible to the 
fuzzy sphere [20]. Briefly we recall it 

(3.25) A N = Mjv(C), 

if, 9} = N[f,g], f,geA N 

(3.26) w = A N , u>!=A n ®C 3 

(3.27) u 2 = A N ®C 3 , u 3 = A N - 

The product between forms is defined as in (3.4). The coboundary operator is 

(3-28) 6{<p) = ([r-MAr+MA^M) 

6(A) = {-[r-,A 3 ]-[r 3 ,A + ]-A+, 
[r+,A 3 ] + [r 3 ,A_] - A_, 
2r_,A_-2r + ,A+-A 3 ,) 
5(a) = [r + ,A+] + + [r 3 ,A 3 ] 

with quantized charges of the Hamiltonian vectors n which are operators defined 
as in (3.19). The Int (3.11) is becomes j^jTrace in the noncommutative case. 
Then the action is written 

(3.29) S N (A) = j^^ Tra ce (F. < F + A.SA) 

The natural way to consider the non abclian case is to introduce a new gauge 
transformation law of the 1-fields as follows 

(3.30) A — > UAU- 1 + 5UU- 1 , UgU n (C) 

To preserve to gauge invariance of the action (3.29), we modify it as follows 

(3.31) S N (A) = j^-^Trace (f. < F + +A.SA + ^A.A.A^ , F = SA + A. A. 

The analogue of the constraint (3.23) for this action is 

(3.32) r.<A + <A.r + A.<A = 
In a invariant description 

(3.33) C G * g <A + <A * g C G + 4 (<A * g A) = 
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In the commutative limit, N —> oo, terms A. A and A. A. A vanished and we obtain 
(3.29). Thus one obtains the noncommutative version of the scalar Maxwell theory 
on the sphere [16]. Now we can naturally incorporate the Yang- Mills system into 
this framework. It implies that An should be replaced by A' N = An ® M„(C). 
The gauge group U can be viewed as the unitary elements of An ® M n (C). Since 
An = Mn{C), we have U = W n jv(C). In this formalism the only thing to modify is 
the coboundary operator, we recall that coboundary operator is defined using the 
charges rj, therefore the modification concern them. We set 

5' (0®m) = ([r_, <j>] ® m, [, r + , </>] ® m, [r 3 , </>] ® m) . ® m £ .4^ 
5' (Ai ® n*) = (- [r_, A 3 ] ® n 3 - [r 3 , A + ] ® n + - A + ® n+, 



<5' ($ O g) = 0. $®ge ^ 

with (Ai ® n,) , (di ® Pi) € »4^v ^ C 3 . In the same manner, the Casimir element C g 
becomes 



This previous bosonic work allowed us to understand the way to incorporate abelian 
and non abelian theories in a same framework. Now we introduce the modified 
differential complex which will be used in the supersymmetric framework. 

3.2. Description of the modified differential complex. Now we will construct 
a differential complex on the supersphere and the supergauge abelian and non 
abelian theories on it. This complex is slightly different from the complex con- 
structed in [14] in order to incorporate the non abelian theory on the supersphere. 
For a general propose, we consider A, a Z 2 -graded unital C-algebra with a super- 
Poisson structure and A' = A ® M n (C). The product on A' is 

(X ® to) ■ (Y ® n) = XY ® mn, X ® to, Y ® n e A' 

Now we define a bilinear map on A' as follows 

A'xA' — » A' 

{X®m,Y®n} = {X,Y}(gimn, X®m,Y®n^A! 

with {., .} the super Poisson structure on A compatible with the product on A. The 
restriction of this map on the subalgebra A = A' ® I„ is a super Poisson structure 
compatible with the product. But the map is not a super Poisson on A ® M n (C). 
Before giving our definitions, let us list those appropriated for the abelian case. 

Definition 3 (14). A is a ^-graded unital C-algebra with a super-Poisson struc- 
ture {., .} compatible with the product and equipped with a linear supertrace 



6 g (ai ®pi) 



[r + ,A 3 ] ® n 3 + [r 3 , A-} ® n_ - A_ ® n_, 

2 [r_, A_] ® n_ - 2 [r+, A + ] ® n 3 - A 3 ® n 3) ). 

[r+,a+] ®_p+ + [r_,a_] ®p_ + [r 3 , A 3 ] ®p 3 . 




STrace : ^ -> C 



STrace(e) = 1 w/iere e is the unit of A. 
STrace({X,Y}) = 0, X,Y e A 
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Definition 4 (14). We say that (A, Q) is a super symmetric double over a super- 
Poisson P-algebra A with P a graded commutative algebra, if Q = Go © Gi is a 
super-Lie subalgebra of A and a bilinear form STrace o m restricted to Q is non- 
degenerated. In this case the bilinear form STrace o m determines an element 
C G E G ® G called a quadratic Casimir element of the double (A, Q). 

Example 1. The algebras Aoo and An with these super-Poisson structures (2.3) 
(2.13) and Berezin integral or supertrace on the matrices. For Q we take naturally 
Q imbedded as super-Lie subalgebra on A via (2.8 ). 

Definition 5 (14). We say that (A,Q,H) is a supersymmetric triple, if it exists a 
subspace H of A such that 

1) H is a super-Lie subalgebra of Q , 

2) (A, H) is the supersymmetric double with the Casimir element C n 
coboundary S H and product *h, 

3) An element C = C G - C n fulfils m(C) e Ce, 

4) ad (h- l (3H~ L ^J C H where H 1 - is an orthogonal complement of H in Q with 
respect to STrace o m. 

We write (^4) ((A)^ is even (odd) part with respect to the sum of grading of A 
and of P. P can be Grassmanian algebras or graded matrix algebras. In the non 
abelian case any element of A <S> M n (C) is a matrix in which each component is a 
element A with respect to previous graduation. We note m the left regular action 
and ad the adjoint action of A on itself. We have 

(3.36) ad(X)Y = {-1) X {X,Y} 

(3.37) m(X)Y = (-1) Y XY 

(3.38) ad(X ®n)(Y ® p) = {-l) x {X, Y} <g> np 

(3.39) m{X ®n)(Y ®p) = (-l) Y XY ® np 

We call modified Casimir the following element which is written formally as 

(3.40) C G = Cf ® C% ® l n e Q ® Q ® In 

We note dg, analogue of the Dynkin index for the supertrace, which can be defined 

by 

(3.41) STrace{XY) = ^-STrace(ad (X) ad (Y j) 

dg 

Proposition 1. The modified complextl over A' = A®M n (C) is defined as follows 

3 

i=0 

where 

ho(A',G) = n 3 (A',G) = e®(A) ®M n (C) 

Qi {A', Q) = h 2 (A', G) = (Go ® (A) ® M„(C)) © (Gi ® {A) 1 ® M„(C)) 
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Let us introduce now the coboundary operator 

~f{e®X®n) = {-l) c %m{Cf) e®ad(C%) X <g> n, 

~~Q 1 

S (g <g> Y <g> n) = ad (Cf ) (g) ® ad (Cf ) (Y)®n + -dg [g®Y <g> rc) , 

5 (fcgZgn) = (-l) fc e(g)ad(A:)Z(8)n, 
~e 

5 (e®ff®n) = 0, 

~g 

and the associative product between the forms compatible with S 
(3.42) * g : h t (A 1 , G) ® fij- (^', Q) — > (^', ^ 

zs given fry ifce following table 

( * g e®X' g'®X' k'®Z' e®W \ 

e®X rh®rh m <g> m rh®rh rh®m 

g ® X m ad®rh (STrace (g> Jci) ® (m <8> m) 

fc (g) Z m <g> m (STrace ® I d) ® (m ® m) 

\ e®VF m®m / 

Remark 1. TTie complex of Klimcik complex [14] is exactly the previous one in the 
case A' = A. We obtain it from the modified differential complex in a natural way 



and 



where 



c Q = cf®c%^g®g 

3 

n(A,g) = ^n l (A,g) 



f> {a, g) = n 3 (A, g) = e ® (^) 

fix (AS) = n 2 (AG) = £o ® (.4) ©ai ® (A • 

The coboundary operator is 

6 G : n< (A, g) — » (A 5) 
o e (e®X) = (-l) C2S m(Cf)e®ad(Cf) X, e8leS! 

o e ($ <g> X) = (ad (C? ) <g> ad (Cf ) + (5 <8> X) , ff eg) X e Oj 

i e (^y) = (-l) fe e® ad(k)Y, k®Yen 2 
8 G (e®W) = 0. e <g> e 3 

and i/ie associative product between the forms 

(3.43) * e : n 4 (4, g) ® Oj (.A, 0) — > (4, a) 

compatible with S g with The multiplication is given by the same table. 
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We construct a canonical complex fi (.4, G, TL) over (.4, Q, TL) as follows [14] 

(3.44) Vi = 0, 1, 2, 3 : fi 4 (A, G, TL) = fi 4 (A, G) 

and we define the exterior derivative 6 on fi (.4, Q, TL) as follows 

S = 5 G on fi, (A Q) for i = 0, 2, 3 
J (.9 ® X + h <g> Y) = 5 G {g ® X + h ®Y) ~ 5 H [g ® X + h ®Y) on Oi (i, G, TL) 

Before acting 8 n on 5 (g X + h (g y, we do the projection this element on W ® A 
The product * in fi („4, 5, 7Y) is defined by 

(3.45) * = *g on Oj (.4, £) for i = 0, 2, 3, 

(3.46) * = *5-* H on fii (A £, W) 

The product * and the coboundary S verify the Leibniz rule. 

Proposition 2. We can also construct a modified complex £l(A',G,TL) on A' in 
the following way 

5 = S Q on fi, (A', G) for i = 0, 2, 3 
5 = t -t 1 onfii(^',a,W) 

Before acting 8 n on an 1-form, we do the projection of this element on TL <S> A' . 
The product * in Q (A', G,T~L) is defined by 

(3.47) * = *g on fii (A', G) for i = 0, 2, 3, 
* = *g - *n on fii (.4', G, TL) . 

Proof. To prove the previous two propositions, it is sufficient to prove it in the case 
A'= A with A is as in the definitions (3) (4). To illustrate this idea, we compute 

~t o ~5 Q (g ® X <g> to) with 5 <g> X ® to e fii (A',G), 

5 G oS G (g®X®m) = ~f ^{Cf ,g) ® {Cf ,X} ® to + ^dg (5 <g X ® ra)^ 

= (-l)K^e®{{Cf, 5 },{Cf,X}}®m 
+ ^(-l) 9 d e e® { 5 ,X}®to 

(-l)K^ e ® {Cf s, {Cf , X}} + 1 (-1) 9 d g e ® {<?, X} 

It is clear that is equivalent to prove the nilpotency of 5 in the abelian case. We 
use the same trick to prove the other assertions. | 

Corollary 1. There is a simple relation between the complex in the abelian case 
and the non abelian case 

~f{e®X®m) = 5 G (e®X)®m, e (g X ® to G fi , 

(5 (5 (g) X (8 to) = tir(g®X)®m, g <g X m e fii, 

<T^ (fc (8> y ® n) = <5 e (fc O y) ® n, k (g y ® n e fi 2 . 



SUPERSYMMETRIC YANG-MILLS THEORY 



15 



and the product on 1- forms can be written 

(3.48) (e <S> X <g> m) * e (e ® F ® n) = e®iy«mn 

(3.49) = (e ® X) *g (e ® Y) <g> mn 

in the same way we can formally we note *g = *g ® x, where x is i/ie matrix 
product. 

3.3. Modified complex on supersphere and on fuzzy supersphere. We con- 
sider the previous complex on the fuzzy supersphere An (for N — {1, 2, oo} for 
a particular choice of £ — sl(2, 1), 7i = ops(2, 1). Recall the sZ(2, 1) is generated 
by R±, i?3, T, V±, £)± and osp{2 1 1) by i?±, i?3, V±. Thus we have 

1) Abelian case 

(3.50) n = n 3 = A N 

8 

(3.51) fl 1 = n 2 = @(A N ) t 

i=0 

2) Non abelian 

(3.52) Q = 3 = A N ®M n (C) 

8 

(3.53) Oi = 2 = (.Aw ® M„ (C)), 

In details, all the forms are written as follows using a basis of the Q : 

(3.54) 0-form = <j> 

(3.55) 1-form = r + ® C + + r_ ® C_ + r 3 (gi C 3 + 7 ® W, 

+w+ ® A+ + u_ (g) A_ + d+ ® B+ + d- ® B_ 
= (A + ,A_,B + ,B_,C + ,C_,C 3 ,T^) 

in the same way 

2-form = (a + , a_, 6 + , b_, c + , c_, c 3 , w) 

All these elements are in An or in An ®M n (C). In the second case A + = A l + Ei 
with Ei a basis of M n (C). And the Casimir element C Q — C n in this basis is 

(3.56) C = 2d_ ® d+ - 2d + ® eL - \p ® 7 
or 

(3.57) C = 2d_ ® d + ® I„ - 2d + <x> cL ® I„ - \p ® 7 I„ 
In first we have to explicit the product between forms 

(f*(A±,W,Ci,B±) = (cj>A±,cj>W,ci>C i cj>,B±) 

<p*(a±,w,Ci,b±) = (<pa±,<j>w,cf)c i ,<j>b±) 

0*$ = 

{A±,W,Ci,B±)*iP = U>A±,,l;W,1>Ci,il>B ± ) 

(Ai,W\Ci,Bl)*(Al,W 2 ,Cf,Bl) = (a' ± ,v/,4,V ± ) 
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where 



a ± , w 



cj, h' ± ) = (IF 1 ^ - B^VF 2 - 2C|A^ + 2A\C\ - 2C\A\ + 2A\C 2 , 
W 1 B 2 _ - B X _W 2 - 2C 1 _A\ + 2A\C 2 _ - 2C\A 2 _ + 2A 1 _C 3 1 , 
-AB\A 2 _ + AB l _A\ - 4A l _B% + AA\B 2 _ 
-AA\A%, 
2A L _A 2 + + 2A\A 2 _, 
\A\A 2 _ 

W 1 A\-A\W 2 , 
W 1 A 2 _- A l _W 2 ); 
The product between 1-forms and 2-forms is written 

(A±,W,C i ,B±)*(a± ) w,c i) b±) = A±a± - A±a± + ^Ww - 

- - \C-c+ - C 3 c 3 - B+b_ + B_b+ 
All other products vanish. Now we are ready to explicit the coboundary 

H = (c±0,r0,i? + ,i?_^i? 3 0,y±0) 

5(A ± ,W,Ci,B±) = (TB± - V±W - 2R±A T + 2D T C± =F 2R 3 A± ± 2D ± C 3 
+2A ± ,W+A_ - 4V-A+ + AD-B+ - AD+B- + 2W, 
-4D+A+ - C+, 
-C 3 + 2D-A + + 2D + A_, 
AD -A- - C, 
-B± -D±W + TA±); 

6 (a±,w, Ci,b±) = D+a,- — D_a+ + — Tw — — R+c_ 

-\R-c+ - R 3 c 3 - V+b- + V-b+. 

For example TB± means (TB±) Ei The action of the operators Ri,V±, D±,T is 
given in (2.7)(2.14) and 8 is osp(2, 1) invariant [14]. 

We say that the 1-form V — (A±, W, Ci, B±) satisfies the reality condition V* = 

V when we have 

(3.58) A* + = A_, A*_ = -A + , B* + = -B_, BZ = B+ 

C* + = C-, ct = c+, cz = c 3 , w* = w. 

in the non abelian case, the reality condition means we consider only 1-forms V — 

V ® h with V = V* and h a hermitian n x n matrix. 

4. Fields theories 

4.1. The noncommutative pure gauge and supersymmetric fields over 

An- The noncommutative pure supersymmetric electrodynamics^ (respectively Yang- 
Mills) over An (resp. -4^)is a theory of 1-forms in the complex Q,(An:Q,'H) 



2 This case is studied in [14]. 
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^resp. fl (A' N , Q, H) \ defined by an action 

STrace 



a < F*F + (3 [ V*5V + ~ V*VW J 



= 0, 

H 



(4.1) S(V) = \Trace 

9 

where Trace is the usual trace on the matrices which is used in the non abelian 
case, F — 8V + V*V is the field strength of V, a, (3 are parameters, g a coupling 
constant and the Hodge triangle < is the identification map between J7i (An, G)f~l) 
and O2 (An,G ,T~L). The connection V is real 1-form V* = V, verifying 

(4.2) (SV + VW^j 
for the field theoretical application we need moreover constraint 

(4.3) C*V n ± + V H ±*C + — (<V n ±*V n ± ) = 0. 

Constraint (4.2) implies that the theory contains only 1-forms only Vft± constrained 
moreover by (4.3). We can write the interaction with matter as follows [11]. 

(4.4) S ma tter(V) = STrace [(f -T + V H ^j < (f -T + V n ±) 

S m atter{V) + S(V) gives the H-supersymmetric^| Schwinger model (resp. Yang- 
Mills theory) over An (resp.^'^ ). This action (4.1) and constraints (4.2) (4.3) are 
invariant by gauge transformation 

(4.5) V — > UVU- 1 -5UU- 1 , U G U {A N ® M n (C)) . 

and by action of Ti. For the details of the 7i-action see [14]. 

In the abelian case, by the non commutativity of the algebra An we have the term 
V * V but in the commutative case this term disappears. In the non commutative 
case the operator 5 commutes only with elements of the form U = exp(zp)e where 
e is the unit of An- Thus the action (4.1) is the noncommutative deformation of 
an U(l) gauge theory. 

In the non abelian case, using corollary (1) it is easy to show that S commute with 
elements of U (An ® M n (C)). Thus the action (4.1) is also the noncommutative 
deformation of an U(n) gauge theory. Now we are going to study commutative 
limit TV — ► 00 of (4.1) in the two cases 

4.1.1. Commutative abelian case. In the case, we have a pure gauge field action 
with V = (A±,W, C±,Ci,B±) satisfying (3.58). 

(4.6) Sac (V) = I [a'SV * <6V + [3'V * 5V] , 
the constraint (4.2) becomes 

(4.7) V H ± = (A + ,A^,W, 0,0, 0,0,0) 
and (4.3) becomes 

(4.8) d+A- - d-A+ + ~~fW = 
It follows 

8 

(4.9) F = SV = (F+, F_, /, 0, 0, 0, 0, 0) e (Ac), 

i=0 



3 invariant with respect to H-action. 
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where a', are real parameters. The constraints (4.8) gives the following con- 
straints on the " additional" supcrfields C± , Ci , B± 

(4.10) C± = +D ± A ± , C 3 = 2D-A+ + 2D + A-, B± = -D±W + TA±. 
with a new parametrization 

(4.11) A+ = ^(A-zA), A- = -^(zA + A), W = bA-bA 
A long calculation gives us the following result obtained in [14] 

Lemma 1. We have 

3 

(4.12) F+ = -- [zD (nw) + D (nw)] - Ad+nuj 

(4.13) F- = ^ [zD(nuj) -D(u)] - M^nu 

(4.14) / = 3 [bD{nuj) + &£>(nw)] - 4 7 nw 

with n = (l + zz + bb), uo = DA + DA. 
The action (4-5) becomes 

(4.15) Soo (V) = -^7 / dzdzdbdb \aD(nu)D(nu) + [3nu 2 \ . 

2m J 

the parameters a, (3 are linear combinations of a' , 0. This action is osp(2, 1) 
super symmetric. 

The gauge symmetry A — ► A + iDA, A — ► ^4 + iDA gives the following 
expressions for A, A by gauge fixation which eliminates some components 

(4.16) iA = bv + h-^— + bb (-r^— 

K ' 2 l + zz \ 1 + zz 

(4.17) iA = h-^ + bv + bbf ^ 



2 l + zz \ 1 + zz 

with u real, v, v mutually complex conjugate and n* = rj. We obtain 

iu 



(4.18) nu = iu + br\ - br} + bb I (1 + zz) (c\v - d z v) + 

y 1 ~r zz 

To finish we obtain by taking a — —f3 

— Ci f _ _ 2 —2 ^ 

Soo{V) = — dzdz{- (1 + zz) (dtv-d z v) + c\ud z u+- 

2m J (1 + zz) 

+rj9iV + rjd z rj + 2 — }. 

(1 + zz) 

Hence we conclude that the commutative limit of the (4.1) is indeed standard 
supersymmctric Schwinger model on the ordinary sphere. 

4.1.2. Commutative non abelian case. We consider the commutative limit of the 
action (4.1) and we obtain the pure non abelian gauge field with V satisfies the 
reality condition. 



(4.19) Sec (V) = — Trace 



9 2 I' 



,V <\F ■ F+ /' ( V*SV + ^V*V * V 
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with 



(4.20) 



F = SV + V 2 = (F + ,F-,f, 0, 0, 0, 0, 0) . 



Using (4.26 ) We shall go to give explicitly all the components of F. Let us set 



SV = {TB±-V±W -2R ± A t + 2D t C±t2R3A±±2D±C 3 
+2A±,AV+A_ - AV-A+ + AD-B+ - AD+B- + 2W, 
-AD+A+-C+, 
-C 3 + 2D_A + + 2D + A_, 
AD- A- - C-, 
-B±- D ± W + TA ± ); 



V 2 = ([W,B + ]+2[A_,C + } + 2[A + ,C 3 ], 
[W,B-] + 2[A+,C-]+2[A-,C 3 ], 
-A{B+,A_} + A{A+,B_}, 
-4A+A + ,2A-A + + 2A+A-,4:A-A-, 
[W,A+],\W,A-]); 



F± = (TB± - V±W - 2R±A T + 2D T C± T 2R 3 A ± ± 2D±C 3 + 2A± 
+ [W, B ± ] + 2 [A T , C±] + 2 [A±, C 3 ] , 

4V+A- - 4V-A+ + 4D-B+ - 4D+B- + 2W + 4 [£?_, A+] + A[A + ,BJ\ , 

-AD+A+ -C+ -AA+A +1 

-C 3 + 2D_A + + 2D + A_ + 2A_A + + 2A + A_, 

AD- A- - C- +AA-A-, 

-B±-D±W + rA± + [W,A±},); 

The constraint (4.9) implies the following constraints on the "extra" super fields 



V = (A ± ,W,C i ,B ± ) 



constrained by (4.7) and (4.8). We have 



and 



In components 



Ci,B± 



(4.21) 



C± = T4(D ± A±+A±A ± ) 
C 3 = +2D-A+ + 2D+A- + 2A-A+ + 2A+A 
B± = -D±W + TA± 



using (4.10), SV and V 2 become 
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SV = (r(-D ± W + TA ± .)-V±W-2R ± A T T&D T ((D ± A ± +A ± A ± ))T2R 3 A ± 
±2D± (2D_A+ + 2D+A_ + 2 (A_A+ + A+A_)) + 2A±, 
AV+A_ - 4V-A+ + AD_ (-D+W + TA+) - AD+ (-D_W + TA_) + 2W, 
+AA+A+, 

-2{A-A+ + A+A_), 
-4A_A_,0,0) 

and 

V 2 = ([W,(-D±W + TA ± )] + 2[A+,(-A(D ± A ± +A ± A ± ))} 
+2 [A±, 2D-A+ + 2D+A- + 2 (A-A+ + A+A-)] , 
-4 {{-D+W + TA+) , A_} + 4 (-£>_ W + YA_)} , 
-AA+A+,2A_A+ + 2A+A-,4A-A-, 
0,0); 

Finally, we have 

F = (r(-D ± W + TA±.)-V ± W-2R±A T T8D T ((D ± A ± +A ± A ± ))T2R3A± 
±2D ± (2D-A+ + 2D+A- + 2 (A_A+ + A+A_)) + 2A± 
+([W, (-D+W + TA±)] + 2 [A T , (-4 (D±A± + A±A±))\ 
+2 [A±, 2D-A+ + 2D+A- + 2 (A_A+ + A+A_)} , 

4V+A- - AV-A+ + AD- {-D+W + TA+) - AD+ (-D-W + TA-) + 2W 

-4 [(—D+W + TA+) , + 4 [A+, (-D-W + TA-)} + , 

0,0,0,0,0) 

with 

F± = (r 2 + 2)) A±-(TD± + V±)WT 12D+D+ A_ ±12D ± D ± A+ 
±AD ± (A_A+ + A+A_) t 8D+ {A+A+) 
T8 [A+, (D ± A ± )} ± 4 [A ± , D_A+ + D+A_] 

f = 2W + A(D+D_-D_D+)W + A(V+-D+T)A_-A(V--D_T)A+ 
+4 [D+W -TA+,A_] + -A[A+,D_W -TA-} + 

using the parametrization (4.11), we obtain 
3 

F+ = -- [zD (nu) + D (nu)] - Ad+nu 

~(l + zz)D (AA + AA) ~\z(l + zz) D (AA + AA) 
+ | (1 + zz) DA 2 + ^z (1 + zz) DA 2 
z(l + zz) [A,DA] --(1 + zz) [A, DA] 
+ (1 + zz) [A, DA] - \z(l + zz) \A, DA] , 
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and 



F_ = | [zD (mo) - D (w)] - 4d_nw 

- 1 (1 + zz) D (AA + AA) + + zz) D (AA + AA) 
~ (1 + zz) zDA 2 + | (1 + *Z) 
+ (1 + zl) [A,DA\ + + zz) [A, DA\ 
+ zz) [A,DA] - (1 + zz) z [A, DA] , 

and 

f = -2(1 + zz) [A, A] + . 
Thus the action (4.19) is written as 
Proposition 3. 



dzdzdbdbTrace 



{a (D (nuj) + [A, nu] ) (D (nw) + [A, nu]) + /3mo } 



where u = DA + DA + [A, A] and n = 1 + zz + bb. The complex arbitrary 
parameters a, (3 are linear combinations of a' , /?'. 

Corollary 2. In the abelian case, we find out 

(4.22) S = J dzdzdbdb [Trace{aD (nw) D (nw) + f3nuj 2 ] 
where 

(4.23) uj = DA + DA andn = 1 + zz + bb 

4.1.3. Super symmetric invariance. Now I will show that this action is supersym- 
metric invariant using the infinitesimal action of osp(2, 1) on l-forms[14] 

(4.24) AA = (e+V + + e-V-) A + \^e_bA 

(4.25) AA= (e+V + + e-V-)A+^e+bA 

We note eV = e+V+ + e-V- where e± are grassmanian parameters. And we recall 
that the definition of the action of V± is following 

(4.26) V±A={v ± ,A} 

The definition of charge v± is given in (2.7). Thus we obtain the following lemmas 
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Lemma 2. We found the variation of the following terms under osp(2, 1) infini- 
tesimal action 

(4.27) A(nw) = eV(nuj) 

(4.28) A({A3}) = eV{A,A} 

(4.29) A({A,A}) = eV{A,A} 

(4.30) A(L4,nS]) = ([A, ruS\) + ^e_b [A, nS5] 

(4.31) A(p,nw]) = (p,n2]) - ie+6p,n2] 

and we obtain 
(4.32) 

AS = Trace / ^ dz ^ bdb eV ^ a (p ^ + ^ n ^ ) ( n £) + [ A; n ^ + p^j^j 

Lemma 3. The following property holds in this framework 

(4.33) / ^^ eV{f) = o 
with f 6 Aoo ■ 

Proof. Easy computation | 

The supergauge symmetry A — ► A + iDA + i[A, A], A — > ^4 + zDA + i[A, A] 
with A G Aoo, is also evident. We recall the fields A, A are odd elements of the 
algebras Aoo with values in a arbitrary Lie algebra (u(n) or su(n)). It means that 
A = A{F % with T % generators of the Lie algebras and Ai elements of the functions 
algebra on the supersphere. After the gauge fixation which allows us to eliminate 
same components, we have 

(4.34) i A = bv + -b-^ + bb- V 



2 1 + zz l + zz 
(4.35) iA = ifc-JH- + 11 



2 l + zz l + zz 

which allow us to compute explicitly the action 



- — : f Trace{—a (j]d z r\ + c\ud z u + ndtn) + a f(l + zz) 2 (i [v, v] + (c\v — d z v))' 
zni J V 



u 2 



(l + zz) 2 



+ ia ([r 1 ,v]+v + \yT^ ^'^+ V ) 



~ v h ^ + 2—z u ^ ^ ) + 2/3 (TTi^ + 2/3 TT^ 

+2aiu (i [v, v] + (c\v - d z v)) + 2[3iu (i [v, v] + (c\v - d z v))} 

Certain terms of this action merit some explanations, we note the component of 
the fields in an explicit way 

v = v l T\ u = UjT j , v = v h T h 

n = n k T\ rj = l\ g T° 

and the product is defined as follows 
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uv = UjViTT* 

where UjVi is product in the function algebra on the supersphere and T l T^ is 
product in the enveloping algebra of the Lie algebra. For example 

{rj,r,} = { Vk T k ,rj g T 9 } 

= r\ k T k r) g T 9 + rj g T 9 i] k T k 
= Vk V g [T k ,T9] 

= VkVgClgTi 

with C l kg constants structure of the Lie algebra. Now we explicit the product of 
the type {rj, rj} v 

(4.36) v{rj,rj} = v j rj k rj g C i kg T j T i 

It is an element on the enveloping algebra. The parameters a, are arbitrary and 
choosing a — —0, we obtain the Yang-Mills action on the ordinary sphere with 
some extras mass terms as in the abelian case [14]. The action is very close to the 
standard Yang-Mills in the flat euclidean space. 

(4.37) 5 = / dzdzTrace{- (1 + zz f (i [v,v] + (c\v - d z v)f + c\ud z u 

2ni J 

u 2 _ rjrj 

+ ^——^+r]d z i] + T]d z -r] + 2 



[l + zzf ' ' ' ' l + zz 

-iv [rj,rj], - iv [rj, rj\, + 1 _ u [rj, rj\,}. 

l + zz 



In component the action (4.46), with the choice Trace (T,T J ) = 5ij, becomes 



9 

U 77 ■ 77 - 

+ ~ . I ,2 +V i 9 z rj i +r li dtn i + 2 ' ' 



(l + zz) l + zz 

iC ig V jVkVg - iC l mn VlVmVn + Y~^ C ^ U ^tV x } ■ 



5. Conclusions 

We have constructed the supersymmetric electrodynamics and Yang-Mills the- 
ories on the noncommutative sphere using a modified differential complex : These 
theories possess only finite number of degrees of freedom. They are respectively 
supersymmetric and supergauge invariant such that these commutative limits be- 
come the supersymmetric Schwinger model and supersymmetric Yang-Mills on the 
ordinary sphere. 

This is a new step towards the understanding of the role of the noncommuta- 
tive geometry in the nonperturbative regularization of QFT. The supersymmetry 
approach allows us to consider scalars fields, gauge fields and spinors fields in a 
canonical set-up and the supersymmetric and supergauge invariance single the good 
constraints which give us the correct theory. 
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